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1. INTRODUCTION 
In [6], Hayden gave a characterization of the simple group PSp(4, 3) in terms 
of the centralizer of a central element of order 3 (a central element of order 3 
is an element of order 3 in the center of a Sylow 3-subgroup). However, a 
mistake in (2.2) of that paper means that the characterization is valid only in the 
case where the central element of order 3 is not conjugate to its inverse. The 
purpose of this paper is to consider the case where the central element of order 3 
is conjugate to its inverse. This case occurs in the simple group PSp(6, 2) and 
also in the automorphism group of PSp(4, 3) which is isomorphic to O,-(2). 
Denote by H,, the centralizer of a central element of order 3 in PSp(4, 3), and 
denote by 25,” the extended centralizer in Aut[PSp(4,3)]. We consider a finite 
group G satisfying the following hypothesis: 
HYPOTHESIS. G contains an element 01 of order 3 such that 
(a) C,(a) is isomorphic to HO; 
(b) Co(,) contains an elementary abelian subgroup fi2 of order 27 which 
does not normalize any nontrivial 3’-subgroup of G. 
The main result of [6] can be stated: 
THEOREM 1. Let G be a jinite group satisfying the above hypothesis. Suppose 
also that 01 is not conjugate to its inverse. Then one of the following holds: 
(i) G has a normal subgroup of index 3 ; 
(ii) G is isomorphic to PSp(4, 3). 
Our main result is the following: 
THEOREM 2. Let G be a finite group satisfying the above hypothesis. Suppose 
also that cr is conjugate to its inverse. Then one of the following holds: 
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(i) G is isomorphic to H,*; 
(ii) G is isomorphic to O,-(2); 
(iii) G is isomorphic to PSp(6, 2). 
From the above two theorems we obtain almost immediately Theorems 3 and 
4 below. We say that two finite groups have the same 3-centralizer structure if 
they have the same number of conjugacy classes of elements of order 3 and the 
corresponding centralizers are isomorphic. 
THEOREM 3. Let G be a finite group with the same 3-centralizer structure as 
PSp(4, 3). Then G is isomorphic to PSp(4, 3). 
THEOREM 4. Let G be a finite group with the same 3-centralizer structure as 
PSp(6, 2) Then G is isomorphic to PSp(6,2). 
We remark that in [9, Sect. 41 a list is given of some simple groups which are 
characterized by their 3-centralizer structure (actually by the number of 
conjugacy classes of elements of order 3 and the orders of the corresponding 
centralizers). The list includes PSp(4, 3), which is isomorphic to PSU(4, 2), 
but not PSp(6,2). 
2. PRELIMINARY RESULTS 
Let G be a finite group satisfying the hypothesis of Section 1. We use the 
notation of [6, Sects. 1 and 23 (except that we write a instead of %). Since Z(P) = 
(a>, N,(P) < Co*(a), where Co*(a) denotes the set of elements of G which 
either centralize or invert 01. Also, CL is conjugate to (Y-I in G only if 01 is conjugate 
to a-l in N,(P). Hence, since N,(P) = P(t), we have either (i) 01 is not conjugate 
to c~-l and N,(P) = P(t), or (ii) 01 is conjugate to a-l and N,(P)/P has order 4. 
In [6, (2.2)], it is shown that only (i) occurs but there is a mistake in the proof, 
namely, in the assumption that P contains a unique nonabelian subgroup of 
order 27 and exponent 9. The initial part of the proof of (2.2) is correct and 
shows that in case (ii) N,(P) = P(t, T) where (t, r) is a Cgroup and T centralizes 
P/M. From the structure of GL(2, 3) the action of Q- on P’ is given by the matrix 
(-l-& that is, 7 inverts every element of P’. As in the proof of (2.2) we conclude 
that r does not centralize M/P’. In particular, r has no fixed points in M-P’. 
Thus, 7 acts fixed-point-freely on M and hence inverts every element of M. We 
have proved the following: 
LEMMA 2.1. If OL is conjugate to 01-l then N,(P) = P(t, u> where (t, u) is a 
4-group and I( inverts every element of M. 
We now determine the structure of N,(M). 
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LEMMA 2.2. If 01 is conjugate to C--I then N’s(M) = ML, M CT L = 1 where L 
is isomorphic to D,, or to Z, x S, . 
Proof. By a theorem of Gaschiitz, M has a complement L in Nc(M). Also, 
L is isomorphic to a subgroup of GL(3, 3), and L has Sylow 3-normalizer 
isomorphic to N,(P)/M. Also u inverts every element of M and 
GL(3>3) = ((-’ --I _,,) x SL(3,3). 
Hence L = (u) x K where K has Sylow 3-normalizer isomorphic to De . Then 
the proof of [6, (2.4)] shows that K is isomorphic to either De or S., . The lemma 
is proved. 
We remark that an element of order 3 in P is contained in either M or O,(H), 
and that all elements of O,(H) - ( a: are conjugate in H. Hence an element of )
order 3 in P is conjugate to an element of M. Since M is a weakly closed abelian 
subgroup of P, elements of M are conjugate in G only if they are conjugate in 
N,(M). If L is isomorphic to D,, then, as in [6], we can choose generators 01, 0~s , 
0~s for M such that P = M(x) where x is an element of order 3 inverted by t 
and the action of x, t, u on M is given by the matrices 
If L is isomorphic to Z, x S, then, as in [6], the action of S, is essentially 
unique. We use the same notation; let 7 be the involution in S, such that (7, +) 
is the normal 4-group and 7 commutes with t. We may choose the basis of M so 
that we are in case (iii) of [6, Sect. 21. Then the action of x, t, u is given by the 
above matrices and the action of 7 is given by 
We then obtain 
LEMMA 2.3. (a) If L is isomorphic to D,, then G has precisely 5 conjugacy 
classes of elements of order 3 with representatives CY, cyz , m.s , ua, , and OL-$ . Also, 
the centralizers of these representatives in N,(M) are P(t), M(ut), M(t), M(t), 
and M{ t), respectively. 
(b) If L is isomorphic to Z, x S, then G has precisely 3 coujugacy classes of 
elements of order 3 with representatives (Y, OL-lolr, and CYCX~. Also, the centralizers of 
these representatives in N,(M) are P(t), M{t, UT), and M<t, T, UT”), respectively. 
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We remark that in case (b) the fusion pattern is: 
We conclude this section with the following result. 
LEMMA 2.4. C,*(a) is isomorphic to HO*. 
Proof. Let D = O,(H) and H* = Cc*(~). Then H = C,(t)D and hence 
H is a split extension of D by SL(2, 3). Since u does not centralize Dl<~l), H*lD 
is isomorphic to GL(2, 3). Since H* = C,,(t)D, H* is a split extension of D by 
GL(2,3). Also D = (x)P’ and u centralizes x and inverts every element of P’, 
so the action of u on D is uniquely determined. It follows that the structure of H* 
is uniquely determined. Hence H* is isomorphic to HO*. 
3. SOME %CHARACTERIZATIONS 
In this section we prove some general 3-characterizations which will be 
needed in the next sections. The first result is essentially a restatement of 
16, (3.3)1. 
LEMMA 3.1. Let G be a jinite group which has a self-centvaliting elementary 
abelian Sylow subgroup T of order 9. Suppose that No( T)/T is a 4-group and that 
C,(x) < No(T) for all elements x # 1 of T. Then T a G. 
Proof. N,(T)/T is isomorphic to a subgroup of GL(2,3). But GL(2,3) has 
one conjugacy class of 4-groups. Hence the action of No(T) on T is essentially 
unique, and we may choose generators for T so that G satisfies the conditions 
of [6, (3.3)]. By that lemma, T 4 G. 
LEMMA 3.2. Let G be a finite group which has a self-centralizing elementary 
abelian Sylow subgroup T of order 9. Suppose that NG(T)/T is dihedral of order 8 
and that C,(x) < N,JT) for all elements x # 1 of T. Then either T (1 G or G is 
isomorphic to S,, . 
Proof. From [l], G is not simple. By [4, Theorem 6.2.41, O,‘(G) = 1. 
Hence, if K is a maximal normal subgroup of G, 3 1 1 K 1. Since GL(2,3) has only 
one conjugacy class of Dg’s, we may take the action of NG( T) on T to be given by 
the matrices (--1 I), (-11) relative to some generators of T. In particular, there are 
two conjugacy classes of elements of order 3 in No(T) each containing 4 elements. 
Hence T < K. By a Frattini argument, 1 G/K \ = 2 and N,(T)/T has order 4. 
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I f  NK( T)/T is a 4-group then K satisfies the hypotheses of Lemma 3.1. Hence 
T u K which implies that T Q G. If NK(T)/T is cyclic, the action of N,(T) 
on T is given by the matrix (--1 l) whose square is (-l -J. Hence K is a CB&group. 
By [7, Theorem 4.41 and [S, Theorem 13.31, either T Q K or K is isomorphic 
to A, . In the former case T 4 G, while in the latter case G is isomorphic to 
a subgroup PrL(2,9) containing A, as a subgroup of index 2. From the struc- 
ture of PrL(2,9) it follows that G is isomorphic to S, in this case. This completes 
the proof of the lemma. 
LEMMA 3.3. Let G be a jinite group with an elementary abelian Sylow 3- 
subgroup M of index 2 in its normalizer satisfying: 
(*) M does not normalize any nontrivial 3’-subgroup of G. 
Then M 4 G. 
Proof. Let N,(M) = M(t) where t is an involution. Then &I = C,(t)T 
where T is the set of elements of M inverted by t. By a theorem of Griin, K = 
03(G) has Sylow 3-subgroup T. Also, C,(T) has Sylow 3-normalizer M [T f 1 
by (c)l. By a theorem of Burnside and (*), C,(T) = M. Hence NG(T) = M(t). 
Thus NK(T) = T(t). I f  1 T j > 3, then the main theorem of [IO] together with 
(*) give T 4 K. Then G = M(t). I f  1 T j = 3 then K has Sylow 3-normalizer 
isomorphic to D8. By [3], K/O,,(K) is isomorphic to one of D, , A,, and 
PSL(2, 7). By (*), O,,(K) = 1. Also A, and PSL(2, 7) do not admit an outer 
automorphism of order 3. Thus if K is isomorphic to either A, or PSL(2,7), 
G = CM(t) x K. However, in either case, K contains a subgroup isomorphic 
to A, and hence M normalizes a 4-group in G which contradicts (*). Thus K is 
isomorphic to D, , which implies that G = M(t). 
Let G be a finite group with a self-centralizing elementary abelian subgroup 
T of order 9. Suppose that NG(T) = T{u, a) where (u, v) is a 4-group. Then 
we can choose generators a, b for T such that the action of u, v  is given by 
u = (l -i), et = (-l r) (cf. the proof of Lemma 3.1). In particular, C,,&a) = 
T(u), C,(,)(b) = T(v) and C&ab) = T. Hence C,(ab) is 3-nilpotent. The 
following lemma deals with a particular case. 
LEMMA 3.4. With the above notation, if C,(a) = T(u>, C,(b) = T(v), and 
C,(ab) is isomorphic to (ab) x A, , then G = N,JT) . O,*(G) and O,,(G) is 
elementary abelian of order 16. 
Proof. By [9, Theorem 3.11, G is not simple. Suppose O,,(G) = 1. Let K 
be a maximal normal subgroup of G. Then 3 1 ] K I. A Frattini argument then 
shows that I G : K I = 2. Hence ] NK( T) : T ] = 2. By the main theorem of [lo], 
either K is solvable of 3-length 1 or K has a normal subgroup L of index 3. In 
the former case, T 4 K (since O,,(K) = 1) and hence T <I G, a contradiction. 
In the latter case we may suppose, without loss of generality, that (a} is a Sylow 
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3-subgroup of L. Then L has Sylow 3-normalizer isomorphic to L?, . Since 
O,*(L) = 1, L is isomorphic to D, , A,, or PSL(2,7) by [3]. But neither A, 
nor PSL(2,7) admits an outer automorphism of order 3 and it follows that L 
must be isomorphic to D, . Then G = N,(T), which is a contradiction. Hence 
O,(G) # 1. Let S = O,(G). S’ mce a acts fixed-point-freely on S, S is nilpotent, 
Hence S is a 2-group, and 5’ = C&ab) . Cs(ab)” [4, Theorem 5.3.161. Since 
S # 1, C,(ab) # 1. Let V be the normal 4-group of Co(&). Then V n S # 1, 
But all involutions of I/ are conjugate, so I’ < S. Hence S == VP. Clearly 
V n VU = 1. Since N,(V) > V, an involution of VU normalizes V. But T 
normalizes T/ and permutes the involutions of VU transitively. Thus Y <1 S. 
Similarly VM Q S. Hence S = V x T/T’” and so S is elementary abelian of 
order 16. Finally, G/O,,(G) satisfies the hypotheses of Lemma 3.1. Hence G = 
No(T) . G(G). 
The final two lemmas of this section deal with a group G satisfying the 
following hypothesis. 
HYPOTHESIS. G is a f&&e group wh~h has a se~f-~~tra~i~~~ ele~tary 
abelian Sylow subgroup T of order 9 with No( T)/T isomorphic to D, . Let a, b be 
representatives of the conjugacy classes of elements of order 3 in NG(T). Suppose 
that C,(a) is isomorphic to <a> x S, and Co(b) < N,(T). 
LEMMA 3.5. Let G satkfy the above hypothesis. Then G is not simple. 
Proof- We use the theory of generalized decomposition numbers to construct 
a fragment of the principal 3-block of G. Since a and b are conjugate to their 
inverses, all generalized decomposition numbers considered are rational integers. 
The proof is long and much of the detail is omitted. 
Let xl, x2 ,..., xp be the characters in the principal 3-block of G. Denote the 
coIumn [x1(g),..., x7(g)]’ by x(g). Let 1, X, , xs , and x, be representatives of the 
3-regular classes of C,(a). Then there exist coIumns of integers dl and dz such 
that 
x(4 = 4 + 4 
xhd = 4 - 4 
~(4 = 4 -I- 4 
x(4 = 4 - 4 % 
where the inner products of the columns dI , dz are given by (“3 i). (Note that 
we have used Brauer’s Second Main Theorem. The inner products are obtained 
from the Cartan matrix of Co(a).) 
Similarly, if 1, y are representatives of the 3-regular classes of C,(b), there exist 
columns of integers c, and ca such that 
x(b) = ~1 + ~2 
XVJY) = cl- % > 
where the inner products of the columns c, , c2 are given by (“, t). 
312 A. R. PRINCE 
Let 3d = dl + d, - cl - cz . Since x(a) = x(b) (mod 3), d is a column of 
integers. Let d,’ = dl - d, d,’ = d, - d, c,’ = cl + d, and c,’ -= cs + d. It 
foliows that 
x(a) = -44 + 4’) + 2(c,’ i- ~2’) 
@x2) = 4 - d,’ 
x(4 = -&’ + 4’) + 2(c,’ + 6;) 
x(ux4) = 4’ - d2 
~(6) = 2(d,’ + 4’) - (c; + 6;) 
X(6~~ = CL - CZft 





2 2 1 4 
Moreover, the row corresponding to the principal character must be 
4’ d2) cl’ c2’ 
1 0 1 0. 
Also, if a character vanishes on a and on 6, then its degree is divisible by 9, and 
hence, it vanishes on all elements of order divisible by 3. We obtain the following 
4 possibilities for a fragment of the principal 3-block of G. 
I 1 a ax, ax, ax, 6 by 
1 1 I 1 1 1 1 
u 2 0 2 0 2 0 
V 1 1 I 1 1 -1 
W 1 -1 1 -1 1 1 
X I -1 1 -1 1 -1 
1+rs+w 1 -1 1 ---I -2 0 
1+u+w -2 0 -2 0 1 -1 
u+w+x 1 1 1 1 -2 0 
u+v+x -2 o-2 0 1 1 
II 1 a ax, ax, ax, 6 by 
1 1 I 1 1 1 1 
u 0 0 0 0 3 1 
8 1 1 1 1 1 -1 
W 3 -1 3 -1 0 0 
1+u+v -1 -1 -1 -1 -1 1 
1+u+w -2 0 -2 0 1 -1 
1+u-w 1 --I 1 -1 1 -1 
1+221 1 1 I I -2 0 
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1 + 211 
1 1 1 1 1 1 
3 1 3 1 0 0 
0 0 0 0 3 -1 
1 -1 l-l 11 
1 -1 1 -1 -2 0 
-1 1 -1 1 -1 -1 
I -1 1 -1 1 -1 
-2 o-2 0 1 1 
IV 1 a ax, 
1 1 1 
u 1 1 
v 0 0 
W 3 -1 
1+u+o -1 -1 
1+u+w -1 1 
lj-U--V -1 -1 
1+u-w 2 0 
f=3 @X4 b bY 
1 1 1 1 
1 1 1 1 
0 0 3 -1 
3-l 0 0 
-1 -1 -1 1 
-1 1 -1 -1 
-1 -1 2 0 
2 0 -1 -1 
(The rows are only determined up to a sign. The degree column is obtained 
by using the fact that it is orthogonal to each of the columns d,‘, $‘, cl’, and 
Q’>* 
It is easily verified that #( a’a’ = b) = 2 and #(a.b’ = ab) = 8. Let 1 G 1 = 
72k where k z I (mod 3). 
In case I we obtain 
+ 4 2 4 2 








Thus (X - l)(~ - w)(l + x + 2u + v + w) = 0. Restricting characters to T 
gives the congruences: u = 2 (9); et, w, x = I (9). Hence w = eo. 










where u E 2 (9); and v, x = 1 (9). 
Computation shows that no solutions exist which give rise to a simple group. 
(We remark that since no known simple group satisfies the hypothesis it is only 
necessary to prove k is “small.” The only solution which gives a “large” k is 
u = -25, ZJ == -8, x = 28 for which k = 44,800 = 28 . 52 . 7. Wowever, 
u + ZI + x = -5, so G has an irreducible character of degree 5 and hence is 
known. Since there is no known simple group of order 211 . 32 . 52 * 7 this case 
cannot arise.) 
Cases II, III, and IV are much easier to eliminate and we omit the details. 
This completes the proof of the lemma. 
LEMMA 3.6. Let G satisfy the above hypothesis. Then one of the following holds: 
(i) G = No(T) . O,,(G) and O,,(G) is elementary abelian of order 16; 
(ii) G is isomorphic to S, - E16, the unique nontrivial split extension of an 
ele~ntar~l abelian group of order 16 by S,; 
(iii) G is ~o~r~h~c to S, . 
Proof. If O,(G) # 1, a similar argument to that used in the proof of Lemma 
3.4 shows that O,(G) is elementary abelian of order 16 and that G/O,(G) 
satisfies the hypotheses of Lemma 3.2. Hence either G/O,(G) has a normal 
Sylow 3-subgroup or G/O,(G) is isomorphic to S, . In either case, since NG( T) 
contains a dihedral group of order 8, a Sylow Zsubgroup of G splits over O,,(G). 
By a theorem of Gaschiitz, G is a split extension. Thus, in this case, we obtain (i) 
or (ii). 
Suppose now that O,(G) = 1. If M is a minimal normal subgroup of G, then 
T < M, M is simple (from the structure of the centralizers), and M # G 
(Lemma 3.5). Since N,(T) f T (Burnside) and / ~~(~)~~ 1 # 2 (see [lo]), 
ALIT is isomorphic to 2, x 2, or 2, . The first case cannot arise by 19, 
Theorem 3.13. Thus N,(T)/T is isomorphic to 2, . It follows that M has the 
3-centralizer structure of A, . Hence M is isomorphic to A, (see [9, Sect. 41). 
Since ] G/M 1 = 2, G is isomorphic to S, . This completes the proof of the 
lemma. 
4. THE CASE ~o(~~)/M ISOMORPHIC TO I>,, 
Throughout this section, G will be a finite group such that 
(a) G satisfies the hypothesis of Section 1; 
@I a! is conjugate to I+; 
(c) doom is isomorphic to Dr2. 
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LEMMA 4.1. With the notation 0fLmnza 2.3(a), CG(+J = M(ut), Co(%) = 
Cc(aaJ = C&a-1%) = M(t). 
Proof. Immediate from Lemma 2.3(a) and Lemma 3.3. 
LEMMA 4.2. C,Jt) G Cc*(~), andhence Cc(t) = TQ(u). 
Proof. From the structure of H, CH(t) = TQ where T = <CE> x (cy3) and 
Q is a quaternion group of order 8 normalized by T. Also C,(T) = C,(T) = 
M(t) SO that N,(T) < N,(M). Hence Cc(t) has Sylow 3-normalizer T(t, u> 
and C,(t)/(t) has Sylow 3-normalizer isomorphic to T(u). Since IL inverts every 
element of T, Cc(t) has no normal subgroup of index 3. By the main theorem of 
[lo], C,(t)/(t) is 3-solvable of 3-length 1. Hence Cc(t) = T(a} O,,(C,(t)). 
By [4, Theorem 6.2.41 and Lemma 4.1, O,,(C,(t)) .G Cc*(m). Hence 
Cc(t) < C,*(a). Thus Cc(t) = TQ(u). 
LEMMA 4.3. G = C,*(a) and hence G is isomorphic to Ho*. 
Proof. CJt) has Sylow 2-subgroup Q(u> which is semidihedral of order 16 
(cf. Lemma 2.4). But such a group has a center of order 2, and hence Q(u} is a 
Sylow 2-subgroup of G. Suppose t is conjugate to ut in G. Since ut centralizes 
a2 E P, some conjugate of o?a is contained in (a) x (o/s). But N,(M) < N,(P) 
and hence the conjugates of % contained in M are precisely the elements of 
P’ - (aj. This contradiction shows that t is not conjugate to ut in G. By a 
transfer argument, it follows that G has a normal subgroup K of index 2. Then 
K n H(u) has index 2 in H(u) and hence must be H. Thus, G = K(u), and K 
has quaternion Sylow 2-subgroup. Thus K does not contain a nonabelian simple 
group. Let N be a minimal normal subgroup of K. Then N is elementary 
abelian. Since I&(&f, 3’) = 1, N is a 3-group. But from the structure of 
H, N = (a). Hence G = NJ(U)) = C,*(N). By Lemma 2.4, G is isomorphic 
to Ho*. 
5. THE CASE N,(M)/M ISOMORPHIC TO Z, x S, 
Throughout this section, G will be a finite group such that 
(a) G satisfies the hypothesis of Section 1; 
(b) a is conjugate to a-‘; 
(c) ~~(.~)~~ is isomorphic to 2s x S, . 
We use the notation of Lemma 2.3(b). 
LEMMA 5.1. CG(a-la7) = M<t,ti~>. 
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Proof. Let L = C,(K%+ By Lemma 2.3(b), L has Sylow 3-normalizer 
M(t, UT). By a theorem of Griin, L has a normal subgroup K of index 3 with 
Sylow 3-subgroup (cx~> x (cu’) = T, say. Also L = (oY%.~) x K, so that 
NK( T) = T(t, UT). In particular, C,(T) = T and NK( T) has 3 conjugacy classes 
of elements of order 3 with representatives ae, (~a~, and IY~CYLY~. Moreover, 
CL(az) has Sylow 3-normalizer M{z(T). By Lemma 3.3, CL(~) = M{E~T) and 
hence CK(~z) -= T(m). Also, C’JWX’) has Sylow 3-normalizer M{t) and hence, 
by a similar argument, CK(~~T) = T(t). Finally, C,(%a?cu7) has Sylow 3- 
normalizer M. By a theorem of Burnside and the condition &(M, 3’) = 1, 
C,.(OI~WY) = 111. Thus C,(U~MY) = T. Hence K satisfies all the hypotheses of 
Lemma 3.1. Thus T u K. Hence L = M(t, ~7). 
LEMMA 5.2. One of the follow holds: 
(a) Co(ol07) = M(t, 7, UT”); 
(b) C,(W’) = (01oi~) x C where ,Z is isomorphic to S, , 
Proof. Let L = C,(CU.~). Then L has a normal subgroup X of index 3 with 
Sylow 3-subgroup T = (c& x (oL-~~T). Also L = (WY) x K and hence 
N&T) = T(t, 7, ta73. It is easily verified that (t, 7, UP) is dihedral of order 8. 
Also Co(e~%?) is 3-closed by Lemma 5.1, and hence CK(~-lolT) < NK(T). 
Further CK(~a%‘) < Co(a+) which is 3-closed since cxolz is conjugate to 
Al-V. Hence CK(acaa?-W) < NK( T). Thus X satisfies the hypotheses of Lemma 
3.2. Hence T <1 K or K is isomorphic to S, . Thus, either L = M(t, 7, ~9) or 
L is isomorphic to ((~a’) x Z where C is isomorphic to Sa . 
LEMMA 5.3. G is simple unless G is isomorphic to O,-(2). 
Proof. Suppose G is not simple. Let N be a maximal normal subgroup of G. 
Then N # 1 and hence N has order divisible by 3 since &(M, 3’) = 1. It 
follows from the conjugacy classes of elements of order 3 that P < N. By a 
Frattini argument, 1 G/N / = 2 and G = N(U) (since t is a square and so t E N). 
Since any nontrivial normal subgroup of G contains P, N does not contain a 
normal subgroup of index 3. Further C,*(a) = H. By the main result of [6], 
N is isomorphic to PSp(4,3). Hence u induces an automorphism of order 2 of N 
inverting ty, But PSp(4,3) has index 2 in its automorphism group which is 
isomorphic to O,-(2). Hence G is isomorphic to O,--(Z). 
LEMMA 5.4. If C,(od) = M{t, T, ur*), then a Sylow 2-subgroup of G has 
0rdeY 27. 
Proof. Cc(t) has Sylow 3-normalizer T(t, 7, u) where T = (a) x (a’) 
(cf. the proof of Lemma 4.2). Hence Co(t)/(t) has Sylow 3-normalizer 
isomorphic to T<T, u>. By Lemma 5.1 and the hypothesis of this lemma, 
Cc(e-%yT) and Co(crol~) are 3-closed. Also C,(a) n Co(f) = TQ, where Q is a 
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quaternion group of order 8 normalized by T. Hence Co(t)/(t) satisfies the 
hypotheses of Lemma 3.4. It follows that Co(t) = T(r, u) O&C,(t)) where 
WWN = QQ and [Q, Q] = 1, Q n 8’ = (t). Hence Co(t) has Sylow 
2-subgroup S = (T, u) QQ. Then Z(S) = (t). [We remark that (T) QQ is 
isomorphic to a Sylow 2-subgroup of PSp(4, 3).] Hence S is a Sylow 2-subgroup 
of G. Since j S 1 = 2’, the lemma is proved. 
LEMMA 5.5. If C,(W~) = M(t, 7, urx) then G is isomorphic to O,-(2). 
Proof. By Lemma 5.4, a Sylow 2-subgroup has order 2’. But the simple 
groups with Sylow 2-subgroup of order 2’ are known (see [5]). Since none of 
these satisfies our hypothesis, G is not simple. By Lemma 5.3, G is isomorphic 
to O,-(2). 
We have thus dealt with case (a) of Lemma 5.2 and for the remainder of this 
section we shall assume that we are in case (b) of Lemma 5.2, that is Co(aaT) = 
(aaT) x Z where Z is isomorphic to S, . Thus G is a simple group with the same 
3-centralizer structure as PSp(6,2). 
LEMMA 5.6. .Z < Co(ur). 
Proof. UT inverts aa~ and hence normalizes Z. But E has Sylow 3-subgroup 
(aa) x (c&Y~) which is centralized by ur. Hence the automorphism of Z 
induced by UT is trivial (from the structure of Aut Ss). Thus Z < Cc(u7). 
LEMMA 5.7. One of the following holds: 
(a) C,(UT)/(UT) is isomorphic to S, * E,,; 
(b) C,JUT) is isomorphic to (UT) x S, . 
Proof. Let T = (as) x (a-%~~). By Lemma 5.1, Co(T) is 3-closed and 
hence NG(T) < N,(M). Hence &(uT) has Sylow 3-normalizer T(t, T, T%, u). 
By Lemma 5.1, C,(a-hT) n &(uT) = T(t, UT). Also Co((~,a-~a~) is isomorphic 
to (oL~oL--~o~~) x Ss and hence Cc(~,a-1a7) n Co(ur) is isomorphic to (a,~r-%~) x 
(UT) x S, (since UT corresponds to an involution of S,, which centralizes an 
element of order 3). It follows that COG/ satisfies the hypotheses of 
Lemma 3.6. From Lemma 3.6 and Lemma ~.~,.&(uT)/(uT) is isomorphic to 
S, El6 or to S, . If C,(ur)/(ur) is isomorphic to S, , a Sylow 2-subgroup of 
CG(u~) splits over (UT) (using Lemma 5.6) and hence Co(ur) is isomorphic 
to (UT) x s, . 
LEMhr.4 5.8. UT, t, 7, and u lie in distinct conjugacy ckzsses of G. In particular, 
involutions of Z are conjugate in G only if they are already conjugate in Z. 
Proof. Z has Sylow 3-normalizer T(t, T, up) where T = (& x (a-lar). 
Since 7 inverts every element of T, C,( 7 ts a 2-group. Hence Co(aa’) n C,(T) ) . 
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has Sylow 3-subgroup (cu’} (L emma 5.2(b)). Hence (ol(u7> is a Sylow J-subgroup 
of C,(T). Also C&T) has Sylow %subgroup (~2> x (&Y> and Co(t) has 
Sylow 3-subgroup (a) x (~8) (cf. the proof of Lemma 5.4). Furthermore, 
u centralizes x which is conjugate to a2 in Co(a). Since C,(a,) = dV(ut, UT) 
(cf. Lemma 5.f), Co(cyJ n Co*(a) = n/i(ut> and hence Al is conjugate to ut in 
C,*(O~). Also, ~?,(a+) n C&z&) = (a%) x (ut, UT) sa (as> is a Sylow 3-subgroup of 
Ct;(ut). Thus (x) is a Sylow 3-subgroup of C,(u). I-Ience UT, t, 7, and u lie in 
distinct coujugacy classes of G. Since UT= = (UT)” and r@, t, and r are efements 
of .Z, the second half of the Iemma follows. 
Remark. The following is easily verified: If y is an involution of S, with 
centralizer isomorphic to ( y} s S, and if V is the normal 4-group of S, , 
then y is not conjugate in S, to an invofution of V. Moreover, if w is any invoht- 
tion of V then y, w, and yw lie in distinct conjugacy classes of S, . Also the 
centralizer of eu in Se is a Zgroup. 
LEMMA 5.9. If C,(u~)/(ur) is isomorphic to S, v E,, , then &(a~) is a split 
extension of Es2 by S, , and UT is a central invx&&ora of G. 
Pmlf. Let N = ~~,{~~~~7~~. s ince N = CN(cz2&aT) ~~~~~~~-~~~), N -= 
(<UT> x V)((~T> x W> h w ere V and W are Cgroups {cf. the proof of Lemma 
5.7). Since N is a 2-group, an element of W normalizes (UT> x V and hence, 
since ol,c~-%x.~ permutes the involutions of W transitively, Wnormahzes (UT) x V. 
From the above remark and Lemma 5.8, an involution of V is not conjugate to 
an involution af (UT> X V outside V. Thus W normatizes 1/, Similarly, P 
normalizes W. Hence N = (VT> x VW and N is elementary abeiian of order 32. 
By Lemma 5.6, C~(UT) = EN. Since S, * El6 has a Sylow Z-subgroup with 
center of order 2 and the involutions of the EXB are permuted transitively, it 
fallows that if ev E V then there is a Sylow 2-subgroup S of Co(~r) such that 
Z(S) = (UT, w). 3y the above remark and Lemma 5.8, UT, w, and r(7w lie in 
distinct conjugacy classes of G. Hence No(S) < C,(UT) and so S is a Sylow 
2-subgroup of 6. This completes the proof of the lemma. 
LEMMA 5.10. If C~(UT)/(UT> is isomorphic to S, * E,, then G is isomorphic to 
PW6,2). 
Proof. By Lemma 5.9, a Sylow 2-subgroup of G has order 29. By [Z], G is 
a known simple group. Hence G is isomorphic to PSp(6,2) (cf. [I I]). 
The previous Iemma deals with case (a) of Lemma 5.7. The next two lemmas 
show that case (b) cannot occur. 
LEMMA 5.1 I. If C&UT) & ~o~rph~c to (UT} x S, then G contains a subgroup 
K ~sowphi~ to S, ztihick co&&s &(a~), C,(~-%P) a& CG(~ocf). ~~o~e#e~~ 
iu~oluti~s of K are conjugate itt. G o?dy if: they are already &o~jagate in K. 
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Proof. In .Z, UT’ inverts ~oi-lar, and hence in P-‘, UT inverts w?. Let L be 
the unique subgroup of .P’-’ isomorphic to S, containing (WAY, UT). Let v be the 
involution in the normal 4-group of L which commutes with UT. By the remark 
preceding Lemma 5.9, w is conjugate to T. Let Co(ur) = (UT) X z* where z* 
is isomorphic to S, . Since Z & .Z*, Lemma 5.8 implies that involutions of ,Z* 
are conjugate in G only if they are conjugate in .?Y. Thus, if v E .Zc* then er is 
conjugate to T in z‘“, which implies that urv is conjugate to urr = u. Since WV 
is conjugate to UT in L, this contradicts Lemma 5.8. Since v E Cc(ur), UTW E EC*. 
Obviously urv 4 Z. In .Z*, (L~c~-*cP must correspond to a 3-cycle and a-la7 to a 
product of two 3-cycles (from the structure of their centralizers). It follows that 
urn corresponds to a transposition. Hence we may choose involutions ya ,..., ys 
generating .Z=” with ya = UTV and (y4 ,..., ya) = Z such that (~~y~+r)~ = 1 and 
(yiyi)2 = 1 if j i - j 1 > 1. Then letting y1 = ur, ya = (UT)=’ we have 
(yl y$ = 1 = (ya~~)~, (y,~$)~ = 1 if j >, 3, and ( yZyJ2 = 1 if j > 4. Let 
K = 01 f yz ,***, ya). Then X is isomorphic to 5’, . This proves the first half 
of the lemma. Since K contains UT, t, T, and u, the second half follows from 
Lemma 5.8. 
LEMMA 5.12. C,(m) is not is~a~ph~c to (UT) x S, . 
Proof. Suppose that C&T) is isomorphic to (UT) x S, . Let I( be the 
subgroup of Lemma 5.11, and S be a Sylow 2-subgroup of CK(t) containing UT. 
If g E N&S) then (UT)Q E S, and hence (UT)” = (UT)” for some K E K by Lemma 
5.11. Thus gk-1 E C,(UT) < K and so g E 1% Hence N&S) < K. Thus S is a 
Sylow Z-subgroup of C,(t). Since t centralizes a subgroup (a) x <a7> of order 9 
in K, it follows from the structure of S, that t corresponds to a product of three 
transpositions (UT clearly corresponds to a transposition). Thus t is not a square 
in K. But then t is not a square in G. This is a contradiction, since t is a square 
in Cc(cx). 
To conclude this section, we note that Theorem 2 follows from Lemmas 4.3, 
5.2, 5.5, 5.7, 5.10, and 5.12. 
6. PROOF OF THEOREMS 3 AND 4 
Let G be a finite group which has the 3-centralizer structure of either PSp(4,3) 
or PSp(6,2). Then G certainly satisfies (a) in the hypothesis of Section 1. Let M 
be an elementary abelian subgroup of order 27 in the centralizer isomorphic 
to H, . Suppose V is a 3’-subgroup of G normalized by M. Then V is generated 
by the subgroups C,(y) for y E M, y # 1 [4, Theorem 6.2.41. But C,(y) is a 
3’-subgroup of C,(y) normalized by M. From the possible structures of C,(y), 
WY) - 1 in all cases. Thus Y = 1. Hence G satisfies (b) of the hypothesis of 
Section 1 also. Theorems 3 and 4 then follow immediately from Theorems 1 
and 2. 
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